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We make use of hypotrochoid curves to propose mixing devices with simple mechanism,
which gives pseudo-Anosov mixings. We exhibit some experiments to see the eﬃciency of
the device.
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1. Introduction
In this paper, we consider mixings of viscous ﬂuid in a circular region by using a periodic motion of ﬁnite number
of rods sticking in the ﬂuid. The movement of the rods in one period in the surface of the ﬂuid can be regarded as an
automorphism of a disk (the surface of the ﬂuid) with punctures introduced by the rods. More precisely, let D be the disk
corresponding to the surface of the ﬂuid, and p1, . . . , pn the points in D corresponding to the punctures introduced by the
rods. By reparametrizing the time, we may suppose the period of the motion of the rods is 1. For a point x ∈ D \{p1, . . . , pn},
let ft(x) be the image of the point x at t (t ∈ [0,1]). Then f1 is a homeomorphism from D \{p1, . . . , pn} to itself. By Nielsen–
Thurston theory it is known that f1 is either of periodic, pseudo-Anosov or reducible type. It is natural to expect that if
the homeomorphism is pseudo-Anosov type, then the mixing is eﬃcient. In fact this philosophy was adopted by several
authors ([2,5,8,9,12], etc.). Moreover, from the viewpoint of practical mixing, realizing such a device via simple mechanism,
or mechanism requiring less energy is an important issue. The purpose of this paper is to propose such a device by using
hypotrochoid curves. We note that the mixings introduced by rods corresponding to hypotrochoid curves are of periodic
type. Hence we should add some extra rods to have pseudo-Anosov mixings. In Section 3, we show that this can be
achieved by placing some obstacles to the ﬂuid, which play role of ﬁxed rods.
This paper is organized as follows. In Section 2, we give a quick review of Nielsen–Thurston theory on mapping class
groups of surfaces, braid theory, and relations between them. In particular we give a criterion for detecting homeomorphism
of pseudo-Anosov type by using the closure of geometric braids. In Section 3, we describe how to construct our devices
using hypotrochoid curves and obstacles, and show that they give pseudo-Anosov mixings (Examples 1–3). In Section 4, we
exhibit our experiments with one of our devices.
2. Preliminaries
Let D be a disk, and Pn = {p1, . . . , pn}, where p1, . . . , pn are points in Int D . Then Aut+(D, Pn) denotes the set of
orientation preserving homeomorphisms f of D to itself such that f (Pn) = Pn . We shall denote the isotopy classes of the
elements of Aut+(D, Pn) by MCG(D, Pn). It is known that MCG(D, Pn) admits a group structure with a product given by
the composition of maps, i.e., [ f ][g] = [g ◦ f ].
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Let Aut+(D, Pn; ∂D) be the subset of Aut+(D, Pn) consisting of the elements f such that f |∂D = id∂D . We shall denote
the isotopy classes of elements of Aut+(D, Pn) up to isotopies ﬁxing the points in ∂D by MCG(D, Pn; ∂D). It is known that
MCG(D, Pn; ∂D) also admits a group structure by composition of maps. Then ϕ : MCG(D, Pn; ∂D) → MCG(D, Pn) denotes
a natural homomorphism. It is easy to see that ϕ is an epimorphism, and it is known that Kerϕ is generated by a twist
homeomorphism (Dehn twist) on a collar of ∂D .
2.1. Nielsen–Thurston theory
Let D, Pn be as above.
A simple closed curve a in D \ Pn is inessential if either a bounds a disk Da such that Da contains at most one point
in Pn , or a ∪ ∂D bounds an annulus disjoint from Pn . We say that a is essential if it is not inessential.
Let f ′ ∈ Aut+(D, Pn). It is known that f ′ is isotopic to f ∈ Aut+(D, Pn) satisfying either one of following [11].
(1) Finite order: f n = id for some positive integer n.
(2) Pseudo-Anosov: there exists a pair of transverse singular foliations F s , Fu on D , and a constant λ > 1 such that f
leaves F s and Fu invariant, and that f stretches the leaves of F s by λ and contracts the leaves of Fu by 1/λ. (For a
precise deﬁnition, see [6].)
(3) Reducible: f leaves a family of mutually disjoint essential curves C invariant, and these curves delimit subregions that
are of type (1) or (2). (We shall call C the system of reducing curves of f .)
We say that f ′ is of periodic type (pseudo-Anosov type, reducible type resp.) if f is periodic (pseudo-Anosov, reducible
resp.).
2.2. Geometric braids
A general reference for braids is [1]. Let D, Pn be as above. A geometric braid β = β1 ∪ · · · ∪βn (based at {p1, . . . , pn}) is a
union of mutually disjoint arcs β1, . . . , βn properly embedded in the solid cylinder D × [0,1] such that (1) β ∩ (D × {0}) =
Pn × {0}, (2) β ∩ (D × {1}) = Pn × {1}, and (3) starting at the point in βi ∩ (D × {0}), βi goes down monotonously to
βi ∩ (D × {1}) (i = 1, . . . ,n). We say that β is a pure braid if, for each i, the string of β starting at pi × {0} reaches pi × {1}.
Let α, β be geometric braids based at {p1, . . . , pn}. We say that α and β are equivalent if there is a 1-parameter family
of geometric braids γt (0 t  1) based at {p1, . . . , pn} deforming α to β , i.e., γ0 = α, γ1 = β . In the following, we consider
the equivalence classes of the geometric braids, and abuse notations so that a geometric braid α denotes the equivalence
class [α].
Let α, β be geometric braids based at {p1, . . . , pn}. Then the multiplication αβ of α and β is the braid obtained by
piling up α above β , then compressing the height with multiplying 1/2. It is known that the set of geometric braids based
at {p1, . . . , pn} with this multiplication gives a group structure. (The geometric braid consisting of n vertical straight arcs
represents a unit. For a given geometric braid α based at {p1, . . . , pn}, the inverse of α is represented by the geometric
braid obtained by taking the mirror image of α in a horizontal plane.) We call this group, denoted by GB(Pn), the geometric
braid group on Pn . Suppose that p1, . . . , pn are placed in a straight arc in Int D in this order. Then we deﬁne the element of
GB(Pn), denoted by σi in Fig. 2.1.
Then it is known that GB(Pn) has the following presentation.
GB(Pn) =
〈
σ1, . . . , σn−1
∣∣∣∣ σiσi+1σi = σi+1σiσi+1, i = 1, . . . ,n − 2σiσ j = σ jσi, |i − j| > 1, i, j = 1, . . . ,n − 1
〉
.
For the deﬁnitions of knots and links, and fundamental terminologies related to them (e.g., linking number) we refer
to [10]. By identifying the points (x,0) and (x,1) (x ∈ D) in D × [0,1], we obtain a solid torus D × S1. The image of a
geometric braid β (∈ GB(Pn)) is a link in D × S1. We denote this link by β¯ , which is called the closure of β .
Let S3 be a 3-sphere. We ﬁx an embedding h : D × S1 → S3 such that h(D × S1) is an unknotted solid torus. Then the
image of β¯ , h(β¯), is a link in S3. We abuse notations by denoting the link h(β¯) also by β¯ .
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Fig. 2.3.
Let Qn = {q1, . . . ,qn} be another set of n-points in int D . We can deﬁne an isomorphism ρ : GB(Pn) → GB(Qn) as follows.
Let gt : D → D (0 t  1) be an isotopy such that⎧⎨
⎩
g0 = idD ,
g1(pi) = qi (i = 1, . . . ,n), and
gt |∂D = id∂D (0 t  1).
Let δ = δ1 ∪ · · · ∪ δn be the set of arcs in D × [0,1] such that δi = ⋃0t1(gt(pi), t). Let δ∗ be the union of arcs
(⊂ D × [0,1]) obtained from δ by taking the mirror image in a horizontal plane. Then ρ(β) is the geometric braid obtained
by piling up δ, β and δ∗ , then compressing the height with multiplying 1/3 (see Figs. 2.2 and 2.3).
2.3. Correspondence between geometric braids and MCG(D, Pn; ∂D)
Let β = β1 ∪· · ·∪βn ⊂ D×[0,1] be a geometric braid based at {p1, . . . , pn}. Then for each t ∈ [0,1], βi ∩ (D×{t}) consists
of one point, say bi(t) × {t}.
Take an ambient isotopy ft (0 t  1) of D such that{
ft(pi) = bi(t) (0 t  1, i = 1, . . . ,n), and
ft |∂D = id∂D .
Then f1 gives an element of MCG(D, Pn; ∂D). It is known that this induces a group isomorphism Φ : GB(D, Pn) →
MCG(D, Pn; ∂D).
We say that an elements of GB(Pn) is of periodic type (pseudo-Anosov type, reducible type resp.) if the corresponding
element of MCG(D, Pn; ∂D) is of periodic type (pseudo-Anosov type, reducible type resp.).
Fact. Let ρ : GB(Pn) → GB(Qn) be as in Section 2.2. Then α(∈ GB(Pn)) is of periodic type (pseudo-Anosov type, reducible
type resp.) if and only if ρ(α) is of periodic type (pseudo-Anosov type, reducible type resp.).
2.4. A criterion for given braids to be of pseudo-Anosov type
For a link L = k1 ∪ k2, lk(k1,k2) denotes the linking number.
Proposition 1. Let D, Pn be as above. Let β ∈ GB(Pn) be a pure braid, hence β¯ consists of n components, say l1, . . . , ln with li
corresponding to pi (i = 1, . . . ,n). If β is of periodic type, then the linking numbers of the pairs of the components of β¯ are the same,
i.e., there exists l (∈ Z) such that lk(li, l j) = l (i, j ∈ {1, . . . ,n}, i 
= j).
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Proof. This is an immediate consequence of Lemma 7.1 of [3], which is originally due to [4,7]. 
Proposition 2. Let D, Pn = {p1, . . . , pn} be as above. Let β ∈ GB(Pn) be a pure braid, hence β¯ consists of n components, say l1, . . . , ln
with li corresponding to pi (i = 1, . . . ,n). Suppose that β is of reducible type, and let C be the system of reducing curves. Let C∗ be
an innermost component of C , and D∗ the disk bounded be C∗ . Suppose that pi, p j ∈ D∗ . Then for each pk /∈ D∗ , we have lk(li, lk) =
lk(l j, lk).
Proof. Let ft be an isotopy of D used in the deﬁnition of the isomorphism Φ : GB(Pn) → MCG(D, Pn; ∂D) for β . Since β is
a pure braid, we have that f1(D∗) = D∗ , hence f1(C∗) = C∗ . Let A =⋃0t1( ft(C∗), t) ⊂ D × [0,1], and T the image of A
in h(D × S1) ⊂ S3. Note that T bounds the solid torus, say T ∗ , corresponding to ⋃0t1( ft(D∗), t). We further note that li
(l j resp.) is isotopic in T ∗ to the core curve of T ∗ . If pk /∈ D∗ , then lk ∩ T ∗ = ∅. This shows that there is an ambient isotopy
gt of S3 ﬁxing lk such that g0 = idS3 , g1(li ∪ lk) = l j ∪ lk , which implies that lk(li, lk) = lk(l j, lk). 
3. Mixing devices using hypotrochoid curves
Let C0 = {(x, y) | x2 + y2 = (3/2)2} ⊂ R2, and D the disk bounded by C0. Let D1 = {(x, y) | x2 + (y − 1)2  (1/2)2}. For a
small ε > 0, let r1 = (1/2− ε,1), r2 = (0,1/2+ ε), r3 = (−1/2+ ε,1), and r4 = (0,3/2− ε). We suppose that D1 goes along
inside of C0 in a constant velocity in clockwise direction without slipping off. We further suppose that D1 starts at t = 0,
and comes back to the original position at t = 1. We regard that ri is a point ﬁxed on D1 and moves around according to
the movement of D1. Then ri(t) (0 t  1) denotes the position of ri at t . (Note that the curve ri : [0,1] → D is called a
hypotrochoid curve.) Let βi =⋃0t1(ri(t), t) ⊂ D ×[0,1]. It is easy to see that β1 ∪β2 ∪β3 ∪β4 is a geometric braid which
is equivalent to the composition of two negative full twists (see Fig. 3.1).
Now take points p1, . . . , pn in Int D which are disjoint from
⋃
0t1(r1(t) ∪ r2(t) ∪ r3(t) ∪ r4(t)). Let γi = pi × [0,1] ⊂
D × [0,1]. Then β = (⋃βi) ∪ (⋃γ j) is a geometric braid based at {r1, . . . , r4, p1, . . . , pn}. We shall denote Φ(β) ∈
MCG(D, {r1, . . . , r4, p1, . . . , pn}; ∂D) by ϕ(p1, . . . , pn).
We note that the mixing of ﬂuid corresponding to ϕ(p1, . . . , pn) is realized as follows. Take a vessel of radius 3/2 with
teeth of gear on its inner side. (Hence gears of radius < 3/2 can be settled inside of the vessel and engaged.) Take a gear
with radius 1/2 corresponding to the above D1, where on D1 four rods are sticking below at the points corresponding to ri
and an axis is sticking above at the center. This gear is placed inside of the vessel so that the teeth are engaged. There is an
arm which rotates in an axis sticking from the ceiling ﬁxed at the position just above center of the vessel, and the axis of
the gear is attached to the arm. Then place obstacles at the points corresponding to p1, . . . , pn on the bottom of the vessel.
Then by rotating the arm in the center axis, the mixing corresponding to β is realized.
Example 1. We take obstacles pa, pb, pc, pd as in Fig. 3.2.
Fact. This mixing is of pseudo-Anosov type.
Before giving the proof of the fact, we shall give a concrete picture of the braid corresponding to the mixing
ϕ(pa, pb, pc, pd). First, we will draw a picture of the braid β1 ∪ β2 ∪ β3 ∪ β4 ∪ γa ∪ γb ∪ γc observed from the position
pd , where γx denotes the string corresponding to px , x ∈ {a,b, c,d}. At t = 0, as we can observe from Fig. 3.3, a crossing
between β2 and β4 occurs, where β2 is an over string and the sign of the crossing is −.
The next crossing occurs between the strings β1 and β2 at the position of Fig. 3.4.
Then we see that the crossings occur successively at the positions of Fig. 3.5.
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Fig. 3.3.
Fig. 3.4.
By combining the pieces, we obtain the picture of a braid, drawn on a cylinder. This gives a braid word σ−12 σ
−1
3 σ
−1
4 ×
σ−11 σ5σ3σ
−1
2 σ
−1
3 σ
−1
4 σ
−1
5 σ6σ
−1
1 σ
−1
2 σ
−1
3 σ
−1
5 σ
−1
4 σ
−1
5 σ2σ
−1
6 σ
−1
3 σ
−1
4 σ
−1
5 (σ
−1
5 σ
−1
6 σ
−1
4 )
8. However this is a presentation ob-
tained by observing from the position pd and we should regard this is a ﬁgure drawn on a cylinder (Fig. 3.6). Then the
desired braid β = β1 ∪ β2 ∪ β3 ∪ β4 ∪ γa ∪ γb ∪ γc ∪ γd is obtained from this braid by adding a vertical string inside of the
cylinder, which corresponds to the obstacle pd , then observing it from outside the cylinder. We ﬁnally obtain the following
presentation of β = σ−12 σ−13 σ−14 σ−11 σ5σ3σ−12 σ−13 σ−14 σ−15 σ6σ−11 σ−12 σ−13 σ−15 σ−14 σ−15 σ2σ−16 σ−13 σ−14 σ−15 (σ−15 σ−16 σ−14 )4 ×
σ7σ6σ5σ
2
4 σ5σ6σ7(σ4σ3σ2)
4.
This presentation is obtained by arranging the positions of r1, r2, r3, r4, pa, pb, pc , pd so that they are on a straight line
by using the method described in 2.3. The homeomorphism (denotes by g1) that gives the correspondence between the
two geometric braids maps the arc in Fig. 3.7 to a straight arc.
Let β¯ = l1 ∪ l2 ∪ l3 ∪ l4 ∪ la ∪ lb ∪ lc ∪ ld , where li (i ∈ {1,2,3,4}) corresponds to βi and lx (x ∈ {a,b, c,d}) corresponds to γx .
Since β1 ∪ β2 ∪ β3 ∪ β4 is the two negative full twists, we see that lk(li, l j) = −2 (i, j ∈ {1,2,3,4}, i 
= j). It is clear that
lk(lx, l y) = 0 (x, y ∈ {a,b, c,d}, x 
= y). Since r1 goes around px (x ∈ {a,b, c,d}) once in clockwise direction in one period
(Fig. 3.8), we have lk(l1, lx) = 1 (x ∈ {a,b, c,d}). Similarly we have lk(l2, la) = 0, lk(l2, l y) = 1 (y ∈ {b, c,d}), etc.
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Fig. 3.7.
Fig. 3.8.
As a conclusion, we obtain the following table of linking numbers.
l1 l2 l3 l4 la lb lc ld
l1 −2 −2 −2 1 1 1 1
l2 −2 −2 0 1 1 1
l3 −2 0 0 1 1
l4 0 0 0 1
la 0 0 0
lb 0 0
lc 0
ld
By Proposition 1 and the table, we see that β is not of periodic type.
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We show that β is not of reducible type. Assume that β is of reducible type, and let C be the system of reducing curves.
Let C∗ be an innermost component of C , and D∗ the disk in D bounded by C∗ .
Claim 1. Either {r1, r2, r3, r4} ∩ D∗ = ∅, or {pa, pb, pc, pd} ∩ D∗ = ∅.
Proof. Assume that the claim does not hold, i.e., there exists i ∈ {1,2,3,4} and x ∈ {a,b, c,d} such that {ri, px} ⊂ D∗ .
Since lk(li, l j)(= −2) 
= lk(lx, l j)(= 0 or 1) for all j ∈ {1,2,3,4}, j 
= i, we see that {r1, r2, r3, r4} ⊂ D∗ by Proposition 2.
Since lk(l1, l y)(= 1) 
= lk(lx, l y)(= 0) for all y ∈ {a,b, c,d}, y 
= x, we see that {pa, pb, pc, pd} ⊂ D∗ by Proposition 2. Hence
{r1, r2, r3, r4, pa, pb, pc, pd} ⊂ D∗ , contradicting the fact C∗ is an essential curve in (D, Pn). 
Claim 2. {r1, r2, r3, r4} ∩ D∗ consists of at most one point.
Proof. Assume that the claim does not hold, i.e., there exists a pair {i, j} (i 
= j) such that {ri, r j} ⊂ D∗ . By the table, we see
that there exists y ∈ {a,b, c,d} such that lk(li, l y) 
= lk(l j, l y). Hence y ∈ D∗ by Proposition 2, contradicting Claim 1. 
Claim 3. {pa, pb, pc, pd} ∩ D∗ consists of at most one point.
Proof. Assume that the claim does not hold, i.e., there exists a pair {x, y} (x 
= y) such that {px, py} ⊂ D∗ . By the table, we
see that there exists j ∈ {1,2,3,4} such that lk(lx, l j) 
= lk(l y, l j). Hence j ∈ D∗ by Proposition 2, contradicting Claim 1. 
By Claims 1–3, we see that D∗ ∩{r1, r2, r3, r4, pa, pb, pc, pd} consists of one point, contradicting the fact C∗ is an essential
curve in (D, Pn). This show that ϕ(pa, pb, pc, pd) is not of reducible type.
This completes the proof of the fact.
Example 2. We take obstacles as in Fig. 3.9.
It is easy to see that the table of linking numbers is as follows.
l1 l2 l3 l4 la lb lc ld le
l1 −2 −2 −2 1 0 0 0 1
l2 −2 −2 0 1 0 0 1
l3 −2 0 0 1 0 1
l4 0 0 0 1 1
la 0 0 0 0
lb 0 0 0
lc 0 0
ld 0
ie
Then the arguments in Example 1 work with this setting to show that ϕ(pa, pb, pc, pd, pe) is of pseudo-Anosov type.
288 T. Kobayashi, S. Umeda / Topology and its Applications 157 (2010) 280–289Fig. 3.10.
Picture 4.1.
Example 3. We take obstacles as in Fig. 3.10.
The following is a part of the table of linking numbers.
A part of the table of linking numbers
la lb lc ld le l f lg lh li l j lk ll lm
l1 1 0 0 0 1 1 0 0 1 0 1 0 1
l2 0 1 0 0 0 1 1 0 0 1 1 1 1
l3 0 0 1 0 0 0 1 1 1 0 1 1 1
l4 0 0 0 1 1 0 0 1 1 1 0 1 1
Then the arguments in Example 1 work with this setting to show that ϕ(pa, . . . , pm) is of pseudo-Anosov type.
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4. Experiment
We constructed a device corresponding to the mixing of Example 2 of Section 3. Our apparatus consists of a can with
radius about 7 cm for an outer circle, and a moving disk made of plastic. The ﬂuid is Japanese starch (for clothes) dyed with
marbling ink. Picture 4.1 shows the mixing process. We placed blue ink as a tracer. According to the request of the referee,
we experimented on the apparatus without obstacles too. The top column of Picture 4.1 shows mixing without obstacles,
and bottom column shows one with obstacles. The ﬁnal cuts (1d), (2d) are obtained by moving the disk around the outer
circle three times. We can observe that the apparatus with obstacles can mix up the ﬂuid more eﬃciently. In fact, the role
of the obstacles can be seen in Picture 4.2, which is magniﬁed images of the ﬁnal cuts. We can observe folds of laminar
patterns near the obstacles, and they make the mixing eﬃcient.
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